ITucbMenHasi YacTh 3K3aMeHa 0 Kypcy «MaremarudecKasi CTATUCTHKA
Y OCHOBBI TEOPUU CJIYYAMHBIX ITPOIECCOBY.
Ocennnii cemectp 2025-2026 ydebHOTO TOAA.

Bapuant 3ajanus comep:KuT 7 BOIPOCOB U3 pa3HBIX pas3/iesoB Kypca. [lis nmomydenus 3adéra
HEOOXO/IMMO JIaTh [IPABUJIbHBIE OTBETHI HA 5 BOIIPOCOB.

Bo Bcex 3asianusx mpo ciaydaitubie OJ1y2KIaHus pacCMATPUBAIOTCA CIydaiiHble OJIy2KIaHus 110
[EJIOYNC/IEHHBIM TOYKAM JIeHCTBUTE/IBHON MPSIMO#i, TTPU KOTOPBIX JACTUIA COBEPIITAET MPBIKKU HA
pACCTOSHIE eJMHUIA BIIPABO C BEPOSITHOCTHIO P U BJIEBO C BEPOSATHOCTHIO ¢, p + q = 1.

Bo Beex 3aJlaHusIX 110 MaTeMaTuvdeckoil crarucrike BoiGopka & = (&1, ...,&,) uMeer 06bEM n
U COCTOWT M3 HE3aBUCUMBIX OJMHAKOBO PACHPEICIEHHBIX CJIYUYANHBIX BEJIUYIUH C KOHETHON JUC-
nepcueii. Bece HeoOXoimMble MOMEHTBI PacHpe/ie/IeHUll CIMTAIOTCA CyIlecTByiomuMu. B 3agadax
oreHMBaHUs apaMerpos £ = (&1, ..., &,) — BBIOOPKa U3 PACIpeIesIeHNs], 3aBUCSIIEr0 OT HEM3BECT-
HOro mapamerpa # € O, rjae © — alpuopu U3BECTHOE MHOYKECTBO.

B KOHKpeTHBIX BapruaHTax 3aJ[aHUs MOT'YT ObITh M3MEHEHbI YNCIEeHHbIE TapaMeTPhl, BUJ Pac-
npeJieieHnst, KOHKPETHBII BU/T 3aBUCUMOCTH OT BHIOODKU, 3HAKKM HEPABEHCTB U T. 1. 0€3 M3MEeHeHUs
CyTHU BOIIPOCA.

CI1coK BOIIPOCOB

1. Coyuaitnbiit nponece £(t), t > 0, 3agan kak £(t) = vt?, riae v — caydaiinasg BeJMYUHA, Pac-
npeJieIéHHast HOpMaJIbHoO ¢ Tapamerpamu 4 = 0 1 02 = 1/paBnomepno Ha nntepsase (—1,1).

Hapucyiite jiBe pa3indnbie BO3MOXKHBIE TPACKTOPUU ITOTO IIPOIecca Ha OJIHOM rpaduke.

2. Tlycrs comywaiineiit mporecc €(t), t > 0, mMeeT ABYMepHYIO IIIOTHOCT BepoaTHocTH p'?) (2,t; 2, 5)
IPU BCEX 3HAUCHHAX apryMEHTOB. 3alluIInTe ABHYI0 POPMYJLY I pacaéTa BEPOATHOCTH
PE(t) +&(s) < 1).

3. Ilyers £(t), t > 0, — nponecc Ilyaccona ¢ uaTeHCUBHOCTBIO A. OTMETHTE BEPHBIE YTBEPIKIE-
HHS:

a) €ro TPAeKTOPUHU CYTh KYyCOUYHO-IIOCTOSHHBIE (DYHKIMU ¢ UHTEPBAJIAMU [TOCTOSHCTBA (DUK-

CHpOBaHHOﬁ JJIMHbI 1 Cﬂy‘{aﬁHbll\II/I BeJIMYMHaAMM CKa9KOB B TOYKaX pa3phblBa;

6) ero TpaeKTOPUU CyTh KyCOUHO-IIOCTOSIHHBIE (DYHKIIMH C MHTEPBAJIAMU TOCTOSIHCTBA CJIy-
JalHO! JIMHbI 1 (PUKCUPOBAHHBIMU BEJMIMHAMU CKAYKOB B TOYKAX Pa3pPbIBa;
B) €r0 TPAEKTOPUH CyTh KYCOUHO-JIMHEHHbIe HEelpepbIBHbIE (DYHKIMN CO CJIyYailHBIM YIOJI
HaKJIOHA.

4. Tlycrs £(t), t = 0, — npouecc Ilyaccona ¢ uareHcHBHOCTBIO A. OTMETHTE BEPHBIE YTBEPKIE-
HUS:
a) 9TO0 MPOIECC ¢ HE3ABUCUMBIMU [PUPAIICHUSIMU;

6) JiroObIe JiBa €ro cevdeHus He3aBUCHMbI;

B) DE(t) nuHeitHo BO3pacTaeT Mo MepeMeHHoil ¢

) D¢

t
r (1) KBaJPATUIHO BO3pACTAET 10 IIEPEMEHHOM ¢
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11.

YacTuma HaunHaeT U3 HYyJAs CAydaiiHble OJIyKIaHHUsI, MPbITasl BIPABO C BEPOSITHOCTHIO P
1 BJIEBO C BEPOATHOCTBIO ¢, p + q = 1. Haiigure BepodgTHOCTHL TOTO, 4TO 3a 6 IMIAroB oHa

BEPHETCA B HAYAJIbHYIO TOUKY.

Yacturna naunnaer u3 ToUku r = 1 ciydaiinble OJIyzKJIaHWs, IpbITasg BIPABO C BEPOSATHO-
CTBIO P U BJIEBO C BEPOSATHOCTHIO ¢, p+¢q = 1. Haliure BepogTHOCTD TOTO, YTO 3a 8 IAaroB oHa
BEPHETCA B HAYAJLHYIO TOYKY M BCE BpeMs OJIyKJaHuil OyaeT HaXOJUTHCAd CTPOTO IIpaBee

HYJIS.

2

[Iycrs w(t), t > 0, — nporecc Bunepa ¢ mapamerpoMm ¢° = 1, HauMHAIOIIHUICA B HYyJIE.

Banuimmre COBMECTHYIO IJIOTHOCTh BEPOSTHOCTH CJIy9IaillHbIX BesnanH w(t) n w(2t) — w(t).
Tpaekropunu nporecca Bunepa:

a) MOHOTOHHO BO3DPACTAIOT C BEPOSTHOCTHIO €THHUIIA;

6) UCHBITHIBAIOT €JIMHUYHBIE CKAYKU B CJIydaiiHble MOMEHTHI BDEMEHH;

B) CUMMETDPHYIHO PACIIpejieJieHbl OTHOCHTeIbHO ypoBHs © = 0, T.e. P(w(t)>0) = P(w(t)<0).
OrMerbre BepHBIE YTBEPKICHMUSI.

[Tokazkure, uaro jyis nporecca Bunepa w(t), t > 0, uMeeT MeCTO CpeIHEKBaIpATHIHAS CXO-

mumocts M (w(t + h) — w(t))2 — 0 mpu h — +0 jy1a ymoboro dpukcuposanuoro ¢ > 0.

Cayuaiiaple BenmauHbl &, &o, ... NPUHUMAIOT 3HadYeHUs n3 MHOKecTBa X = {x1,..., 24}

[Ipu KakoM ycJIOBUU 3THU CJIydaiiHble BeJIMYUHBI 00pa3yoT 1ernb Mapkosa?

OTMeTbTe BepHBIE YTBEPKICHUS:

1) noc/ieoBaTeIbHOCTh HE3ABUCUMBIX CJIydailHbiXx Bequdud &g, &q,&o, ... obpasyer Ielb
Mapxkosa;

2) B nentm Mapkosa &y, &1, &, ... ClydaiiHbie BemauHbl &, U &, IPH M > 2 BCerJa He3a-
BHUCUMBI;

3) B MaTpHIIEe TIEPeXoJia 3a OJIUH Iar Jyist nernu MapkoBa cymMMa €€ 9JIeMEeHTOB BJIOJIb CTPOKH
paBHA €JIMHUTIE;

4) B MaTpuUIle IIepexoJia 3a OJINH Imar jiis renu MapkoBa cymMMa eé 3JIeMeHTOB BJIOJIb CTOJIONA
paBHA eJIMHUTIE;

5) B MaTpuile mepexojia 3a OJUH Iar jyis e MapkoBa cymMMa BeeX e€ 9JIeMEHTOB PaBHA
eJIMHUTIE;

6) y Jroboit tiermm MapkoBa cymiecTByOT (DUHAJIBHBIE BEPOSTHOCTH;

7) ecyin cymecTBYIOT (bUHAJIbHBIE BEPOATHOCTH, TO CYIIECTBYET CTAIMOHAPHOE (T.€. HE Me-

HAIOIIeeCst OT I1ara K Iary) pacrpe/iejieHue.
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[lycte &y, &1, &, ... 00pa3yoT KOHEUHYIO OJHOPOJHYIO Ternh MapkoBa, MaTpuiia mepexomia

1/2 1/2
0 1

Haitmure pacupesnenenne ciaydaifHONW BeJUIUHBI ;.

umeer Bug ( ). Bagano HauaibHoe pacupesernenue P(& = 1) = 1/3, P(§ = 2) = 2/3.

Jlana KoHedHas oJHOpOAHas 1enb MapkoBa ¢ s cocrogausimu. Harmmuiure oOmmit B MaT-

PUIIBI IEPEXOIHBIX BEPOATHOCTENA B CAydae HE3aBUCUMOCTUA COCTOAHUMN.

Opmopognast menb MapKoBa ¢ COCTOSTHUSIMA X, . . . , Ty UMeeT (DPUHAJIBHOE pacIpejie/ieHne

pi = Jim mi

k=1,...,s. Yemy pasua P(§, = xy) Ha 3aJaHHOM I1are n?

g k= 1,...,s, Kotopoe coBHajiaer ¢ HadagbHbM: P(§y = x) = pj s

3a1abl MATPUIA IEPEXOIHBIX BEPOSTHOCTER 7( - ) /IS MAPKOBCKOIO IIPOIECCA C COCTOSTHHE-
AMU T1,...,Ts 1 HadagbHOe pacupenenenne P(£(0) = x;) = a4, i = 1,...s. Kak naiitu

COBMECTHOE pactpe/ienenne aByx cedennii (t) u {(u) mporecca mpu 0 < u < t?

MapKOBCKHil IPOIece UMeeT J[Ba BO3MOXKHBIX COCTOSHUS 1 MATPUILY HePeXOIHBIX BePOATHO-
l + §674t § — §€74t
(4 4 11
11,4t 3 1,4
1~ 1€ 1t g€
depennnanbubix ypasuenuii Koavoroposa.

creit w(t) = ) Banummre B aBHOM Buje marpuiy A cucrembl aud-

[Iycts &, . . ., &, — BBIOOpKA OOBeMa n u3 pacupeenenus Fy(x), r € R ¢ Hem3BecTHBIM Hapa-
MerpoM 0 € O. Kakne u3 nepednc/ieHHbIX HI2Ke QYHKIINNH MOXKHO Ha3BaTh CTATHUCTHKAMU’
OTrMeTbTe WM Tepednc/inTe MyHKTH 3aJIaHNd, JJIsT KOTOPBIX 3TO BEPHO.
1 < .
— 2 — _
a)t()=—> & 0 u)=l-0. )= [] &
k=1 k: €40
g Beribopounoit peanuzaruu 2, 3,6, 3, 2,5, 3,4, 5, 1 naiiiure 4nucaioBoe 3HaUEHNE I€TBEPTOI

HOpHr[LKOBOI'?'I CTaTUCTUKU.

[To BeIOGOPKE & 38/ 1aHHOTO OOBbEMA TIOCTPOEH BaPUAIMOHHBIN PsiJi M paCCUYNTAHbI BLIDOPOTHOE
cpeanee § caMoil BIOOPKH U BLIOOPOUHOE cpejiHee &(,) BapualliOHHOro pga. Bepro i, 4T0

£ = 5(*) C BEPOSITHOCTBIO €JIUHUIIA !

Boeibopounast pyHKIIMs pacipe/iesieHus paccIuTana 1o BeIOopKe 00béma n = 10 u npejcras-

JleHa Ha rpaduke. BoccranoBruTe BapralMOHHBIN Psiji BEIDOPKH.
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Kaxkipiit ssiement Boibopku & o6béMma n umeer yukimo pacupeenenus F(x), x € R. Ka-
KOt BUJI MeeT (DYHKIIUST PACIIPEeIeTICHIS MAaKCUMAJIHHO / MUHIMAJILHO TTOPSIKOBOI cTaTn-

CTUKU?!

MakcumasibHas IopsaIKoBas CTaTHCTHKA &(,) BBIOOPKH § 00béMa n uMeeT (byHKIHUIO PacIpe-
nenenns F*(z) = 22" mpm 0 < o < 1. Kaxoit Bu nMeeT QyHKIHA PACIPE/ICJICHIA OTHOTO

9JIeMEHTa BBIOOPKHU?

Kaxpiit semeHT BBIGOpKE £ 00BEMa n pacupejienéH pasaomepro Ha [0, 1] (HopMmasbHO
C TapaMeTpaMu [, 02, 3KCIOHeHIMaIbHO ¢ napamerpom A). Kakoit Bum nmeer pyHKIusa

[IPaBIOII0I00MsT 9TOI BBIOOPKHU?

[TycTs € — BBIOOpKA U3 pacipee/ieHus, 3aBUCSINEr0 OT HEU3BECTHOrO mmapamMerpa f € ©. Ka-
Kasi craTucTrka t(§) Ha3bIBaeTCsi HeCMeIEHHOI oneHKoit 3uavenus 7(6), rae 7( - ) — 3aanHas

dyukima Ha MHOKECTBE OF

ITo BBIGOPKE & = (&1, . .., &,) u3 pacupeaenenus N(6, %) nocrpoena craructuka £. dBasgercs
JIN 9Ta CTATUCTUKA HECMEIIEHHON U COCTOATEIbHOI o1eHKoit mapamerpa 6 € R? Jlaiite orBer

110 OTJEJABHOCTU 110 KazKJIOMy U3 JBYX CBOHCTB.

[Iycts & = (&1,...,&,) — BBIOOPKA W3 PACIIPEJIC/ICHNUS, 3aBUCSINEr0 OT HEM3BECTHOIO Mapa-
Mmerpa 0 € ©. Kakas cratuctuka t(£) Ha3bIBAETCsI COCTOSATETBHON ONEHKOI 3HadeHus 7(6),

rje 7( - ) — 3ajanHas QYHKIMS HA MHOXKecTBe ©7

Jlana BeIOOpKa & u3 pacupejenenns, 3apucsdmero or napamerpa 0 € R. Ilycts MmHOXKECTBO
peanuzainii BLIOOPKKU KOHe4YHO M He 3aBucuT orT . Beprno jum, dro Torma sddexkTuBHast

OIleHKa TapaMeTpa  saBJIseTcss HeCMEIEHHOM OIeHKOW MIUHUMAIBLHON JUCIEPCHN !

[Iycrs L(x,0) — 3navenue dyHKImMHU npasaononobus Beibopku & B Touke x € R™. Vcnpasbre
OIMMOKU B cJieIyromux hopMmy/iax, 3alucaB BMECTO HUX BepHoe HepaBeHCTBO Kpamepa—Pao

JUIsl HECMEIIEHHOM TouedHoi omenku t(€) suadenus 7(6):

['(0)) ™'(0)
Dat(f) < nL(z ) Det(g) P n .
M9(81 (1;9( ,0))2 Mgal ge(fﬂ)

Jlana BeibopKa & 00béMa n = 1 u3 pacupejienenns, 3apucsiiero ot napamerpa 6 € R. [Tycto

MHOKECTBO peaJin3alinii BEBIOOPKU KOHEeYHO u He 3aBucut oT . [lokaxkure, aTo Torma

L(&,0)

0l
My nae =0 gnascex 6eR.

[IycTs € — BeIOOpKA 00bEMa 1 = 1 U3 JTUCKPETHOTO pAaCIpeIe/IeHNs, 3aBUCAIIETO OT HEM3BECT-

Horo napamerpa 6. [lokaxkure, uro T(§) = & saBiisercs: JJOCTATOYHOM CTATUCTUKON J17ist 6.
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[Iycts £ — BBIOOpKA 00BEMA N W3 JAUCKPETHOTO PACIIPEIE/ICHHsI, 3aBUCSIIEr0 OT HEHM3BECT-
Horo napamerpa 6. fBiserca jm BapuanuoHHbIE pal £y, . . ., () N-MEPHOI JI0CTaTOYHOM

CTATUCTUKON J1j1s1 07

NsBectHO, uro t(£) — HecMelEHHAs OlleHKa 3HadeHust . MOXKHO Jin yTBEPKIATH, Y4TO TOIJA
at(§) + b — mecmemnénnas ornenka s 7(0) = af + b (3mech a u b — mocTosiHEBIE YHCITA)?

MozKHO JIn yTBep:K1aTh, uTo Toraa t2(£) — HecMem@énnas onenka s 7(6) = 027

OrmeTbre TEe U3 CJIEAYIOIMNX CTaTUCTUK, KOTOPbIE ABJIAIOTCA HeCMeHléHHbIMI/I OIl€HKaMH1 Ma-

TEeMaTHUYIE€CKOI'O O2KMJdaHA dJIEMEHTa BbI60pKI/I fl

_ n n

a) t() =26 — &, 0) =13 &, B)t(ﬁ):\/ﬁZ(fk—f)Q?
f=1 =1

Ka.KI/Ie N3 CTaTUCTUK ABJIAIOTCA COCTOATEIbHBIMU OIICHKaMM MaTEeMaTHUYI€CKOI'O O}I{I/IﬂaHHﬂ?

DdbdexTuBHas OTeHKa MapameTpa  Beerja sBIISIETCS: HECMEIEHHON, COCTOATETLHOM OTeH-

KO, JIOCTATOYHON CTaTUCTHKOI /115 tapameTpa . Beibepure BepHbIE CBOICTBA.

Moxker s sdderTuBHas orneHka 3HadeHus T(0) He MMETh MATEMATHIECKOrO OKUIAHU,

KOHEYHOM Jucrepcuu’

Kax BBINVISIINT OIl€HKA, [TOCTPOEHHAST METOJIOM MOMEHTOB 110 BbIOOpKe & = (&1, ...,&,) mid
napamerpa 0; = M&;, (nys O = ME wm 03 = DE), k= 1,...,n. dBaserca i 31a oneHKa
HECMEIIEHHOM !

Hana BbIOOpKa 00bEMA N U3 HOPMAJBHOTO PACHpPEIE/ICHUsT ¢ HEM3BECTHOMN /€ IMHIIHON JTHcC-
nepcueit. OTMeTbTe, KaKOi CJIyIaifHON BeJIMIMHON HY>KHO BOCIIOJIb30BATHCSI, ITOOBI IIOCTPO-
UTHb B 9TOM CJIy4d9a€ MHTEPBaJIbHYIO OIICHKY MaTEMaTUICCKOI'O OXKHWJIaHWA:

a) umerorreil pacupesenerne CTbIOJEHTA ¢ 1 CTEIEHIME CBOOO/IHI,

a) umerorreil pacupezenenne [Tupcona (Xu-KBajpar) ¢ n CTEneHsIMI CBOOOJIBI,

B) MMEIOIIEll HOpMAJIbHOE PACIPEIe/ICHUE,

r) umerorneii pacupejesieane CrbrojieHTa ¢ n — 1 crenensiMu ¢BOOOJIbI.

[To BeIOOpPKE 00 BEMA N U3 HOPMAJILHOI'O pacCIIPeIe/IeHIsI IIOCTPOeHa, CTaHIapTHAs HHTEPBaJIb-
Hasl OIleHKa MaTeMaTHIeCKOro OXKUIaHNUA ¢ YPOBHEM JioBepus v. Kak uamensiercs JjinHa 3Toi
OIIEHKMU, €CJT BO3pacraeT 00bEM BBIOOPKH; €CJIM BO3pacTaeT ypoBeHb joBepusi! Ormerhre

BEPHBIA OTBET:
a) He M3MEHsIETCS C BEPOSITHOCTBIO €/IMHUIIA;
6) yObIBaeT ¢ BEPOATHOCTDHIO €JIMHUIIA;

B) BO3pACTaer ¢ BEPOSTHOCTHIO €J[MHUIIA;
') OTBET 3aBUCHUT OT PEATH3AIUNA BBIOOPKH.
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[Iposepsiercs runoresa £ ~ po(-) nporus ajnbrepHatuBbl & ~ pi(-), tae pp(z), v € R, —
pUKCcHpOBaHHbBIE INIOTHOCTU BEPOATHOCTU OTHOMePHOIT BbIOOpKH, k = (0, 1. Kpurepnit 3agan
cBoeil kKpurraeckoit dyrkimeir ¢(x), r € R. Bamummure depes 5mu JaHHbIE siBHbIE (DOPMYJIBI

JJIA OIINOKNI IIepBOro poJa U MOIMHOCTH 9TOI'O KpUTEPU:I.

Hana Bbibopka oobéma n = 1. IIposepsiercs runoresa & ~ po(-) TPOTUB aJbTepHATHBLI
€ ~pi(-), rme pr(x), x € R, - 3amannere wiornoctn BepositHoctn, k = 0, 1. Kakoit Bus mveer
KPUTHYECKOE MHOXKECTBO HEPaHJIOMH3UPOBAHHOIO HamboJIee MOIIHOIO KPUTEPUs IPOBEPKU

TaKOil TUIOTE3bI?

[To ommomephoit BeIGOPKE & TpoBepsiercst runoreda ¢ ~ U(—1,1) nporus aabrepHATHBBI
¢ ~ U(0,2). Kpurepuit oTkIOHSIET TUIIOTE3y, BCAKM pa3, korga & > 0.8. Uemy paBHBI

omuOKa MepBOro Pojia U MOITHOCTb TAKOTO KPUTEPUS !

Jlana BbIOOpKa 00bEéMa n = 1. IIpoBepserca mpoctas runore3a. Jlambl jgBa KPUTHIECKUX
muO)ectBa 71 = {x > C1} u Z; = {x > Cy} aByx Kpurepuen eé MPOBEPKU C OITHOKAMIE

IIEPBOI'O poda (x1 U (g < (¥1 COOTBETCTBEHHO. CpaBHI/ITe II0 BE€JIMYMHE YUCJIa Cl n CQ.

[TpoBepsieTcst TUIIOTE3a O TOM, YTO JIEMEHT BLIOOPKH MMEET 3aJaHHyI0 (DYHKIIUIO pacipe-
nenerust F(x), v € R. Ilyers F(x), x € R, ecth BoiGOpOUYHAs (DYHKIIUS PACIIPE/ICICHUS.
Barmummmre Jyisi Takoi 3agadn kpurepuii Komvoroposa (3ajaiite KpuTuaeckyro (yHKIIUIO

nJjm KpUTHU4IeCKoe MHO}KGCTBO) .

[Iycts P(& =0)=p, P(&s=1)=q,p+q=1 nna k =1,...,n. l'unoresa 3akiovyaercs B
TOM, 4T0 p = ¢ = 1/2. IlycTh Nj — KOJIMIECTBO 3J1eMEHTOB BBIOOPKH & . . ., &,, PABHBIX j, L€
j =1,2, ng + ny = n. 3anumure crarucTuky Kpurepus [lupcona (xu-KBajpar) Jjisi TaKoi

TUIIOTE3bI; CKOJIBKO CTeleHel ¢BOOOIBI Y €€ aCUMIITOTUYIECKOTO PACIIPEICICHIS !



